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Abstract

Dimensionality reduction algorithms like principal component analysis (PCA) are workhorses
of machine learning and neuroscience, but each has well-known limitations. Variants of
PCA are simple and interpretable, but not flexible enough to capture nonlinear data man-
ifold structure. More flexible approaches have other problems: autoencoders are generally
difficult to interpret, and graph-embedding-based methods can produce pathological dis-
tortions in manifold geometry. Motivated by these shortcomings, we propose a variational
framework that casts dimensionality reduction algorithms as solutions to an optimal man-
ifold embedding problem. By construction, this framework permits nonlinear embeddings,
allowing its solutions to be more flexible than PCA. Moreover, the variational nature of
the framework has useful consequences for interpretability: each solution satisfies a set of
partial differential equations, and can be shown to reflect symmetries of the embedding
objective. We discuss these features in detail and show that solutions can be analytically
characterized in some cases. Interestingly, one special case exactly recovers PCA.
Keywords: dimensionality reduction, manifold embedding, principal component analysis

1. Introduction

Dimensionality reduction—the problem of identifying useful low-dimensional representa-
tions of high-dimensional data—is a central concern across machine learning, statistics, and
neuroscience. But existing approaches have issues with accuracy, interpretability, or both.
For example, principal component analysis (PCA) (Pearson, 1901; Hotelling, 1933; Bishop,
2006) is computationally cheap and can be interpreted in terms of a simple generative model
(Tipping and Bishop, 1999), but cannot capture nonlinear structure in data.

Two complementary perspectives have motivated lines of work that go beyond PCA.
The geometric perspective on dimensionality reduction casts the problem as identifying the
low-dimensional structure (or data manifold) along which data tend to lie. Methods like
Locally Linear Embedding (Roweis and Saul, 2000), Isomap (Tenenbaum et al., 2000), and
diffusion maps (Coifman and Lafon, 2006) exploit this perspective to learn a low-dimensional
data manifold embedded in the high-dimensional ambient space. Work on so-called neural
manifolds, which seeks low-dimensional representations of neural data, also tends to take
this perspective (Cunningham and Yu, 2014; Chung and Abbott, 2021; Perich et al., 2025).

The probabilistic generative modeling perspective on dimensionality reduction casts the
problem as minimizing a divergence between the data distribution (or a suitably transformed
version of it) and a distribution on a low-dimensional ‘latent’ space. Neural-network-based
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autoencoders (LeCun, 1987; Hinton and Zemel, 1993) and variational autoencoders (Kingma
and Welling, 2013; Higgins et al., 2017) exploit this perspective in order to capture arbitrar-
ily complex (smooth) structure in data, but may yield results that are difficult to interpret.
Methods which involve embedding samples into a graph, like Uniform Manifold Approxima-
tion and Projection (UMAP) (McInnes et al., 2018) and t-distributed stochastic neighbor
embedding (t-SNE) (Maaten and Hinton, 2008), are nonlinear and somewhat easier to inter-
pret, but have been observed to produce pathologies in downstream statistical and clustering
analyses (Wattenberg et al., 2016; Chari and Pachter, 2023).

Motivated by these two perspectives, here we present a novel, nonlinear framework for
dimensionality reduction that (i) involves minimizing a divergence between latent space
distributions, like variational autoencoders; and (ii) constrains that optimization problem
by making geometry-related nonparametric assumptions about the mapping between latent
and ambient space. We show that this framework has a variety of reasonable features,
is amenable to mathematical analysis, and includes PCA as a special case. Critically,
the variational structure of the problem permits us to use tools from physics to reason
about properties of optimal embeddings, including that symmetries of the data distribution
constrain them, and that they satisfy a certain set of partial differential equations (PDEs).

2. A tractable variational framework for dimensionality reduction

When are two data manifolds the same? Let € R” denote an observation in a
D-dimensional space, and pqata() the associated data likelihood. When is pgata more or
less identical to some other likelihood ¢7 Or, in more explicitly geometric language, when
are the ‘data manifolds’ associated with these likelihoods equivalent? One reasonable notion
of equivalence comes from demanding that ¢ and pgata can be obtained from one another
via a smooth bijection (i.e., a diffeomorphism) g : RP — RP. In particular, we ask that

q(x) dx = paata(g(x)) | det Jg(x)| da (1)

almost everywhere, where Jg(x) is the D x D Jacobian matrix whose entries are J;;(x) :=
0gi(x)/0z;. We will call the distribution (g*pdata)(T) = Pdata(g(x)) |det Jg(x)| the pull-
back of pgata by g. Intuitively, the above equation says that one can obtain pgat. from ¢ by
a smooth deformation of the state space R”.

Dimensionality reduction involves attempting to capture most of the structure of pqata
by relating it to a distribution defined on a generally lower-dimensional space R? for some
d < D. Let z € R? denote an element of this ‘latent’ space. Since it is usually impossible
to capture all high-dimensional structure of pgata via a lower-dimensional approximation,
we can only ask that ¢(z)dz is approximately the same as the pullback of pgat, through a
smooth embedding map ¢ : R? — RP (which we denote ¢*pgata). More precisely, we want

q(z) dz = pdata(¢(z))\/det(J(z)TJ(z)) dz (2)

almost everywhere, where J(z) is the D x d Jacobian with entries J;;(z) := 0¢;/0z;. Notice
that, since we may have d < D, the change of variables correction involves the Riemannian
volume form +/det(J(2)TJ(z)) (we cannot use | det J(z)], since it may equal zero).
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Figure 1: a. The function ¢ maps the latent space to the (higher-dimensional) ambient
space. b. Optimal one-dimensional embeddings when pgat. is a mixture of Gaus-
sians centered at points along a line (left), circle (middle), or sinusoid (right).

A variational objective for dimensionality reduction. Let ¢ : R — R” be a smooth
injection from a ‘latent’ space to an ‘ambient’ space (with d < D), and suppose that z € R?
is distributed according to a prior ¢(z), and x € RP is distributed according to a likelihood
Pdata- Motivated by Eq. 2, we define an optimal dimensionality reduction algorithm (or
optimal embedding) as a map ¢ which mazimizes

3)

g1 = [ dz a(2) | s det(T &I (2)) + 0 paaa($(2)) ~ loga(2)

i.e., the negative of the Kullback-Leibler (KL) divergence between ¢ and ¢*pgata, while
satisfying the finiteness conditions (see Appendix A)

E.yg {\/det(J(z)TJ(z))} <oo and E..q{|¢(2)]3} <oo. (4)

Because J = —DxL(q||¢*Pdata), we immediately know that J is upper bounded by zero,!

which corresponds to perfect performance. See Figure 1a for a schematic.

This objective has two terms, each of which perform slightly different roles. The
log-likelihood term encourages ¢ to map into regions of high likelihood, while the log-
determinant term encourages embeddings to have a nontrivial volume. (If only the log-
likelihood term were present, an optimal embedding may map all z near a global maximum
of pgata-) Interestingly, these terms also have clear physical analogues: the log-likelihood
term functions like a potential energy, and the log-determinant term, which depends on
derivatives of the embedding, functions like a kinetic energy.

As in physics, the fact that the objective depends not just on the embedding coordinates
¢i(2), but also on the derivatives J;; := 0¢;/0z;, allows us to directly apply results from the
calculus of variations (Goldstein, 1980; Elsgolc, 2007) that cannot be usefully leveraged in
more generic (e.g., autoencoder) settings. For more discussion of this objective, including a
Bayesian interpretation of it that casts optimizing J as identifying the maximum a posteriori
estimate of ¢, see Appendix A.

1. Note that this is only true if ¢ is an injection. See Appendix A.
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Examples of optimal one-dimensional embeddings. What do optimal embeddings
look like? The naive way to estimate them is to parameterize ¢ and numerically optimize J
via a gradient-descent-like algorithm. If we parameterize ¢ as a multilayer perceptron and
choose pgata to be different Gaussian mixtures, optimizing J in the standard way tells us
that optimal one-dimensional embeddings are generally nonlinear, and correspond to what
one might expect: if there is an obvious path through the points, the optimal embedding
follows it (Figure 1b; code: https://github.com/john-vastola/varembed-neurreps25).

3. Interpreting optimal one-dimensional embeddings

We can say more about optimal one-dimensional embeddings, and optimal embeddings more
generally, by exploiting results from the calculus of variations. The most basic such result is
that optimal embeddings satisfy the Euler-Lagrange (EL) equations, which we define next.

3.1. Optimal one-dimensional embeddings follow score vectors

If we approximate pqata With a one-dimensional manifold (d = 1), the objective becomes

o0
1
gl = [ dz ) | 31089/ + 08 pawa($(2)) ~ ogal:) (5)
—00

where ¢'(2) := (¢)(2), ..., ¢)5(2))T is the derivative of the embedding. This version of the
objective looks extremely similar to a classical mechanics problem, with the main qualitative
difference being that the kinetic term is 1 log ||¢/(2)(|3 instead of ||’ (2)]|3.

We can view ¢ as tracing out a one-dimensional trajectory through RP. According to

a standard result in the calculus of variations, these trajectories satisfy the EL equations

d (OL\ oL d ¢i(z) 1_ 90
dxwﬁ‘wi”“ wwmwwﬁ‘wbm

for each i = 1,..., D (Goldstein, 1980; Elsgolc, 2007), where the Lagrangian L is defined as

10g pdata(@(2)) (6)

L(.8'2) =) |5 e 0/ + 0 paaa(@(2)) ~ o) 7

These equations place nontrivial constraints on the form of optimal embeddings; satisfying
them is necessary, but not sufficient, for ¢ to be a global maximizer of J. If we define
momentum-like variables p;(z) := ¢}(2)/||¢'(2)||3, we find that the ‘dynamics’ defined by the
EL equations looks like that of a massive particle moving through the landscape determined
by the potential — log pgata:

()= P2 H(2) = s z—io 2)| pi(z
6 = o ) = () - | 1 lora)| o 0

where s;(¢(2)) = B%i log paata(@(2)) is the score vector associated with pgata at the point

¢(z) € RP. These vectors, which play a foundational role in how diffusion models sample
(Song et al., 2021) and generalize (Wang and Vastola, 2024; Vastola, 2025a), point in the
direction in which the data likelihood increases most. Eq. 8 says that the trajectory ¢(z)
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moves in the direction of the score s(¢(z)), and that the influence of the score vector is
controlled by a g-dependent “friction’ factor and the norm of p(z). The norm ||p(z)||3 plays
the role of a ‘mass’. When p(z) is large (which can happen when the score vectors become
large), the trajectory changes very slowly; when it is small, the trajectory changes quickly.

3.2. Connection to diffusion models

We can make the connection between optimal one-dimensional embeddings and diffusion
models more concrete by observing that one significant difference between Eq. 8 and a
probability flow ODE (Song et al., 2021) is that the former involves inertia: ¢(z) does not
only move in the direction of the score vector. Since the amount of inertia that appears in
Eq. 8 depends on the prior ¢, we can modulate it by choosing a special prior. If we pick
q(z) = ye?* for z € (—00,0], in the large v limit we obtain dynamics (see Appendix C)

/ si(¢(2))

K MO )
which follows score vectors, but moves faster or slower depending on their magnitude. If
we reparameterize ‘time’, we recover an ODE that follows score vectors without the norm-
dependent distortion, and hence looks like a probability low ODE at a fixed noise scale.

4. Useful properties of the variational objective

What other properties of optimal embeddings can we reason about without actually opti-
mizing the objective? In this section, we discuss two kinds: properties related to flexibility,
and properties related to interpretability. Unlike in the previous section, here our comments
apply for any choice of latent dimensionality (i.e., any d < D).

4.1. Flexibility-related properties

Objective is geometry-sensitive but not coordinate-sensitive. Our framework ought
to reflect the geometry of the data manifold and prior, but not our incidental choice of

coordinates;? in particular, if we relabeled each z € R? according to a diffeomorphism

g : RY = R? up to this relabeling, we would like J to have the same value and solutions.

This reparameterization-invariance property trivially holds, since J equals a (negative) KL

divergence, and the property holds for KL divergences. It is also straightforward to show

that this property holds through direct computation (see Appendix D).

Objective has expected trivial solutions. Because J is bounded from above by zero,
we know that any choice of ¢ that makes it achieve this bound is a global optimum. This
property makes it clear that J has two types of reasonable trivial solutions. First, when
d = D and the prior q equals the data likelihood pgata—i.e., when there is no dimensionality
reduction—the identity map ¢(z) = z is optimal since it makes J equal zero. Second, if
Pdata IS genuinely low-dimensional (say, d-dimensional), and there exists a smooth injection
@ for which the pullback 1*pgata is normalized on R, then ¢ = 1) is a global optimum.
Importantly, this is true even if 1) is highly nonlinear.

2. In this respect, embedding is similar to other geometry-sensitive problems, like close-packing (Viazovska,
2017; Vastola, 2024).
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4.2. Interpretability-related properties

Optimal embeddings satisfy EL equations. The Lagrangian density corresponding
to our objective (i.e., its integrand) is

£(8.9.2) = a(2) | 308 det(T7T) +ogpaa(9(2) ~oga(z)| . (10

A useful consequence of our variational formulation is that it allows us to exploit mathe-
matical results from the calculus of variations. In particular, optimal mappings ¢ satisfy
the Euler-Lagrange (EL) equations (see Appendix B)

d oL or 0 log pdata(¢(z))
320 (ga7) = 5 i S[00D + i losata)] = ZEED,

where JT := (JTJ)71JT € R¥*P is the Moore-Penrose pseudoinverse of J (which satisfies
JtJ = 1), and where we have relied on a well-known result on the derivative of a log-
determinant (Petersen and Pedersen, 2008).

The EL equations define a system of D coupled nonlinear PDEs: there is one equation
for each ¢;(z), and only up to second derivatives of the ¢ appear. (Unfortunately, due to
the presence of JT, one may encounter derivatives of the ¢, in denominators.) Satisfying
the EL equations is necessary but not sufficient for ¢ to maximize J, which allows one to
use these PDEs to strongly constrain the solution space.

Continuous symmetries of the objective constrain solutions. We expect that sym-
metries of the data likelihood constrain how one ought to perform dimensionality reduction.
For example, the dimensionality-reduced version of a radially symmetric likelihood is also
probably radially symmetric. Noether’s theorem (Noether, 1918; Neuenschwander, 2017;
Vastola, 2025b), a powerful result frequently used in field theory settings, makes this intu-
ition precise. It states that if a small perturbation ¢(z) — ¢(z) + d¢(z) of the embedding
causes the Lagrangian density to change by a total derivative, i.e., L — L+ V - K for some
vector K, then the quantity (the Noether current)

D
=3 a,(gafﬁb)wqbb) K, (12)

is conserved (i.e., V-j = 0) when the EL equations are satisfied (see Appendix E). Noether’s
theorem is useful because it allows us to make concrete statements about how continuous
symmetries constrain optimal embeddings, even if and especially when the EL equations
are too difficult to solve analytically.

5. Conserved quantities and consequences of continuous symmetries

In this section, we study explicit examples of how continuous symmetries constrain optimal
embeddings. We consider three kinds of continuous symmetry: reparameterization invari-
ance, which yields an analogue of energy conservation; embedding translation invariance,
which yields an analogue of momentum conservation; and embedding rotation invariance,
which yields an analogue of angular momentum conservation.
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5.1. Embedding energy is conserved for optimal embeddings

If ¢ is uniform, the Lagrangian density is locally reparameterization invariant, since an
infinitesimal change of coordinates changes £ by a total derivative. By Noether’s theorem,
this implies that the stress-energy tensor

oL
Tij = Ekj m@m(z)) — 0 L(p, T, 2) = Ekj T Jkiq — 03 L(p, J, 2) = 6;5(q — L) (13)

is conserved (>, 0;T;; = 0). But since Tj; is only nonzero when ¢ = j, conservation just
means that £ = const. Hence, £ being conserved is analogous to the conservation of energy.

Usefully, this result can be combined with the reparameterization invariance of the
objective to establish a more general result that holds even for non-uniform ¢ (one can also
derive this result through a direct computation; see Appendix E): the embedding energy

£ = —% log det(J”J) — log paata(¢(2)) + log q(2) (14)

is constant (i.e., does not depend on z) for all solutions to the EL equations (and in par-
ticular, for the global maximizers of .J). Interestingly, since

on[¢]——/ dz q(z) € = —€ | (15)
Rd
embedding energy is always nonnegative, and global maximizers of J minimize it.

5.2. Translation invariance yields momentum conservation analogue

If pgata is uniform along some ambient space direction, so that it does not depend on ¢;,
Noether’s theorem implies that the canonical momentum along that direction is conserved:

(08 =S [rtae] o
;&(a@@)q( ) S [iatz)] o (16)

This conservation law almost fully characterizes the optimal embedding when pga, is uni-
form (on a ball of radius one-half centered at © = (1/2,...,1/2)7, say) and d = 1. Together
with embedding energy conservation, it implies ¢/(z) = const./q(z), so

¢i(z) = /z q(y) dy (17)

—0o0

for all + = 1,..., D. Interestingly, this mapping exactly matches the one used by efficient
codes to convert a generally non-uniform stimulus distribution to a uniform distribution.

5.3. Rotation invariance yields angular momentum conservation analogue

If pgata is invariant to rotations in the ¢;-¢; plane, Noether’s theorem implies that

3 0L =0  where LY = q(2) [J;¢j —Jhed] (18)
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When d =1, J — ¢’ and J© — ¢'/||¢'||3, so angular momentum conservation becomes

(o) [A1(0(2) — n ()65 (2)]
18" ()13

When combined with embedding energy conservation, this conservation law can be used to
show that optimal embeddings lie along circles when D = 2. Hence, the optimal embedding
for a ring attractor structure, as expected, follows the ring.

= const. (19)

6. A solvable case: PCA is optimal for Gaussian prior and likelihood

Optimal embeddings are difficult to determine analytically, in part because the EL equations
are generally a system of highly nonlinear coupled PDEs. Do there exist any interesting
solvable cases? Perhaps surprisingly, the answer is yes: the optimal embedding exactly cor-
responds to PCA when (i) the prior is an isotropic normal distribution q(z) = N(2;0,031),
with o¢ > 0; and (ii) the likelihood is a multivariate Gaussian pgata(€) = N (x;0,X), with
3 a positive definite D X D covariance matrix.

The PCA solution corresponds to the linear mapping ¢(z) = ZZ:1 %(q;{z)vk, where
the vy, are the top d (normalized) eigenvectors of 3, and {q}r=1,.4 is any set of or-
thonormal vectors (i.e., gf g, = 6k¢). Although it is not mathematically obvious that the
EL equations admit such a simple solution, the intuition is fairly clear: one can obtain an
anisotropic Gaussian from an isotropic one by uniformly stretching it in different directions.

The one-dimensional case. Let us begin with the relatively simple d = 1 case, with

1 252
o e 20‘8
] = / dz
—00 v/ 271'0'(2)
If the optimal ¢ does correspond to PCA, it should pick out the first principal component,
i.e., an eigenvector of ¥ whose eigenvalue is largest.? The EL equations read

{; log || ()13 — ;as(z)Tz%(z)} Feonst. (20)

d [ ¢'(2) ] -1
— 42 s | = —e(2)ET (2) (21)
dz 18" (2)1I3
Consider a linear ansatz ¢(z) = vz for some vector v € RP. Since ¢'(z) = v, we require
d [ v -1 210,112
4 q<z>] — (S = Su= (el v (22)
dz lvll3 v

i.e., that v must be an eigenvector of X with eigenvalue A = (o3||v||3). Hence, the EL
equations force v to be one of the eigenvectors of X, but not any specific eigenvector. The
symmetry is broken by asking that ¢ maximize J (Eq. 20). Its ¢-dependent terms equal

2 2

1 1 11 A
E.q {—ZQvTE_I'v + 5 log(vT'v)} = —%'vTE_lfv—Fi log(vTw) = —§+§ log <U(2)> (23)
given our ansatz, which is maximized when A is as large as possible. This happens precisely
when v is the top eigenvector of 3, which (almost) finishes our argument. Do the EL
equations admit nonlinear solutions? We can show the answer is no by exploiting embedding
energy conservation (see Appendix F), which means ¢(z) = zv is indeed optimal.

3. If this is not unique, we expect multiple solutions.
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The general case. For arbitrary d < D, the objective is

_ 1 212
J[p] = / dz ﬂ {1log det[J(2)TJ(2)] — 1¢(z)TE_1¢(z)} + const (24)
© Jre T (2mod)42 | 2 2 '
Although the EL equations are more complicated than in the one-dimensional case, if we
assume a linear solution ¢(z) = Az for some D X d matrix A, we recover an analogous
constraint:
SA=0AATA . (25)

If we exploit a singular value decomposition A = Zi:l skukq;‘g of A, where ugu@ = q;‘gqg =

Ore and the s; are the singular values of A, then this condition becomes
Suy, = (0853 uy - (26)

for all k = 1,...,d. As before, this implies each wuy is an eigenvector of X—although they
must be different eigenvectors, since they are pairwise orthogonal. Also as before, the
symmetry is broken by asking that ¢ maximize J. The ¢-dependent part of J equals

d
1 _ 1 d 1 Ak
Ezng {—2zTATZ Az + 3 log det(ATA)} =-3 + B E log (08) (27)
k=1

given our ansatz, which is maximized when each Ap is chosen to be as large as possible.
This happens precisely when the {uy} are chosen to be the top d eigenvectors of 3. Finally,
we can argue that the solutions of the EL equations must be linear (see Appendix F).

7. Discussion

We introduced a variational framework for dimensionality reduction that is more flexible
than PCA—and which includes it as a special case—and which has various features that
aid interpretability, including that solutions satisfy PDEs, and that Noether’s theorem
links data manifold symmetries to conservation laws. Since each dimensionality reduction
algorithm associated with the framework optimizes the objective for specific choices of d,
q and pgata, We can use these quantities to reason about the inductive biases of solutions.
Our work is in the spirit of recent studies that leverage insights from physics to clarify the
structure of machine learning algorithms (Tanaka and Kunin, 2021; Vastola et al., 2025).

Limitations. At least in the framework’s current form, it assumes that both ¢ and pgata
are distributions on continuous rather than discrete spaces, making it impossible to directly
apply it to (for example) Poisson-like spiking data. On the other hand, since distributions of
spikes are plausibly related by Bayes’ rule to the distributions of continuous latent variables
(e.g., an animal’s allocentric position in space), an intuition made precise in encoding models
like generalized linear models (Weber and Pillow, 2017) and probabilistic population codes
(Ma et al., 2006; Vastola et al., 2023), there is still a sense in which the framework can
be applied indirectly. Also, while the framework could in principle be used to approximate
data manifolds of any dimensionality, it is unclear how scalable it is, and how useful certain
analytic insights (e.g., related to the EL equations) are for high-dimensional data sets of
interest. Symmetries, for example, strongly constrain low-dimensional embeddings, but not
necessarily high-dimensional ones.
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Appendix A. Motivating the objective function

In this appendix, we present an alternative Bayesian argument to motivate our objective
function

91 = [ dz a(2) [ s det(T & (2) + o pana(@(2) ~ loga(a)| - (2)

and also briefly comment on technical subtleties related to this objective. As described in
Sec. 2, D is the ambient space dimensionality, d < D is the latent space dimensionality,
Pdata 15 a likelihood on RP, ¢ is a distribution (the ‘prior’) on R, and ¢ : R — RP is a
smooth injection chosen to maximize .J, subject to certain finiteness conditions.

A.1. A Bayesian argument for the objective function

Assumed ground truth distribution. Let 2 € R” denote an observation. Assume
that observations genuinely have low-dimensional structure, in the sense that they can be
viewed as generally lying on or near some d-dimensional manifold embedded in R” (with
d < D).

We can make the idea of a low-dimensional manifold more concrete by imagining that
there exists some smooth injection ¢ : RY — R” which embeds any particular location
z € R? on this manifold (given in coordinates that may differ from those of the ambient
space) into R”. We can make our demand that observations generally lie ‘near’ the manifold
more concrete by assuming a noise model ppise(Z|2, @) := N (x; ¢(2),elp), where € > 0 is
small. Note that this noise model allows observations to be off-manifold, but that this only
occurs with a low probability.

If we assume that latent states are sampled according to a distribution ¢(z), then the
joint distribution of observations and latent states is

p(x, 2) = Proise(®|2, P)q(2) = N(@; ¢(2), eI p)a(2) - (29)
Assume that ¢ and € > 0 are known, but the mapping ¢ is not. How can we infer it?

Assumed model. One sensible way to proceed is to exploit Bayes’ rule. If we model ob-
servations as distributed according to pgata (), our knowledge of the noise model pyoise (|2, @)
allows us to infer latent states from observations via

pnoise(m|zv ¢)Q(Z) Pd
fpnoise(w|z/a ¢)Q(z/)d'z/ o

Let p(¢) denote a prior over mappings that encodes our preferences about it (e.g., that it
is continuous). By Bayes’ rule, the posterior distribution of ¢ given a latent state z is

p(z|¢)p(9)
p(dlz) = (31)
S p(z|¢")p(¢') do’
where we note that, since the distributions over ¢ are defined over function spaces, there are
technical subtleties related to normalization. Fortunately, these difficulties are irrelevant
from the point of view of identifying the most likely mapping ¢.

p(]) == / (22, $)paata(®) daw = (x)dz . (30)
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Using Bayes’ rule to estimate the embedding map. Let {zi}ﬁ\il be N > 1 inde-
pendent and identically distributed samples from ¢, the ground truth distribution of latent
states. We can estimate ¢ by maximizing the scaled log-posterior probability

1 1 1

v logp(@l{zi}) = logp({zi}|¢) + 57 logp(¢) + const.

N 1 (32)
=% Z;logp(zi\dﬁ + 57 logp(¢) + const.
where ‘const.” denotes a ¢-independent term that comes from the normalization of the

posterior. In the large N limit, the central limit theorem implies that J' approaches its
average value, which is

T} = [z a(2) lozp(z16) + 1 logp(o) (3)

where we have dropped the constant term since it does not affect our optimization. Our
argument so far indicates that maximizing J’ with respect to ¢ yields a Bayes-optimal
estimate of it. The final remaining step, after which we will recover an objective equivalent
to the one we study in the main text, is to simplify J'.

Taking the small-noise limit. We can simplify J’ by using Laplace’s method to ap-
proximate p(z|¢) in the small noise (¢ — 0) limit. The probability ppeise(|z) is obviously
maximized when & = ¢(2); similarly, if £ € ¢(R?), then p(z|z) is maximized at the unique
z for which ¢(z) = x (this is unique since ¢ is an injection).

Denote this unique point by z.(x). At a small displacement Az away from it,

%Hw—cb( (@) + Az ~ §(AZ)TJ(Z*( )" J (z.(2))(Az) | (34)

i.e., the Hessian near z.(x) is J(z«(x))TJ(z«(x)). By Laplace’s method, this implies

L Laa@)IB ) g O 1 1 e
/(27re)D/2 a(z) d (2me)(D—d)/2 VAet[T (2. (@) T (24(2))] q(z«(x)) -

(35)
Furthermore, applying Laplace’s method again tells us that
L VA CADERED)
PAS) = g [ HI ) Pial®) de
(27e)d/2 q(z*(w)) ' (36)

~ \/det[J(z)TJ(Z)] Pdata(@(2))

in the € — 0 limit. This gives us the result we want: maximizing the average log-posterior
probability of ¢ yields our objective, possibly plus an extra logp(¢) term if the prior over
¢ is non-uniform. More explicitly,

J' @] 20, /Rd dz q(z) { élog det[J (2)TJ(2)] + log paata(P(2)) } + %logp((j)) . (37)

which only differs from Eq. 28 by a constant offset when p(¢) is uniform (or when we
eliminate the prior term by taking N — o).
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A.2. Additional comments about the objective

The embedding map needs to be an injection. The latent states z index locations
on the d-dimensional manifold embedded in the ambient space, and hence function as co-
ordinates for it. This intuition suggests that ¢ ought to be an injection; any given point on
the manifold should only correspond to a single value of z.

There is a more important technical reason for us to demand that ¢ is an injection. If
¢ is an injection, the pullback of pgat, through ¢ is not generally normalized, i.e.,

/dpdata(zﬁ(z)) J(2)TJ(z)dz<1. (38)
R
But because it is less than or equal to one, we can still invoke Gibbs’ inequality to argue
Tl¢] = / o(2)log [@pdata)(z)] dz < 0. (39)
Rd q(z)

(The argument is the same as the standard one used to prove that the KL divergence is
nonnegative, so we omit it.) If ¢ were not an injection, J does not necessarily have an upper
bound, and hence our optimization problem is not well-defined. For example, suppose

q(z) =1 for z € [0,1] and

1 (40)
Pana(7,y) 1= 5-0(* +y* — 1) for (z,y) € R,
i.e., ¢ is uniform on [0, 1] and pgata is uniform on the unit circle. Each embedding
¢1(z; k) := cos(2mkz) ¢2(z; k) = sin(2mkz) (41)
for k € N yields the same log pgata(¢(2)) term, but have different Jacobian terms. Note,
1 1
5 10gll¢'(2)[13 = 3 log [(27k)?] = log(27k) , (42)

which implies that we can make this term arbitrarily large by choosing k to be larger and
larger. This type of construction is only possible if we allow each (z,y) on the unit circle
to correspond to multiple values of z; such constructions are not possible if we insist that
¢ is an injection, as Gibbs’ inequality indicates. As an aside, we speculate that issues with
enforcing the injectivity constraint are responsible for the ‘wiggles’ depicted in Figure 1b.

Boundary conditions. We are looking for smooth injections ¢ : R — R that maximize
Eq. 28 while also satisfying the finiteness conditions

Erng {\/det(J(z)TJ(z))} <oo and E.. {ll¢(2)|3} <. (43)

Since a small region of RY becomes a small region of R” with surface area

4V = \/det(J ()7 J (2))dz (44)

when projected through ¢, the first condition is equivalent to asking that the average surface
area (or the total g-weighted ‘mass’ of the embedding) is finite. This condition prevents
‘needle’-like embeddings which project small regions of R to extremely large regions of R”.
It also plays a crucial role in our argument that the PCA objective does not admit nonlinear
solutions (see Appendix F'). The second condition prevents pathological embeddings in the
tails of ¢ (i.e., large ||z||2) by controlling their norm.
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Appendix B. Derivation of Euler-Lagrange equations

In this appendix, we derive the Euler-Lagrange (EL) equations for our objective

J[o] = /]Rd dz q(z) [; log det(J (2)T J(2)) + log paata(#(z)) — log q(z)} , (45)

where J;; := 0¢;/0z; are the elements of the D x d Jacobian matrix J. We will assume that
J has full column rank, so that the determinant that appears is nonzero. The Lagrangian
density corresponding to this objective is

£(8.9.2) = al) | 0w det(I7T) +logpia(9(2) ~ loga(a)| . (40

B.1. Euler-Lagrange equations for arbitrary-dimensional embeddings

The EL equations are
d
oL oL
>0 (5057) = 5 ()
= T \0(9;4i) oo
so we only need to evaluate these derivatives explicitly and simplify the result. First, note

oL _ oL _ 0
20;0) 0y o,

where we have used a matrix cookbook result on the derivative of a log-determinant (Pe-
tersen and Pedersen, 2008). Note that J* := (JTJ)"'JT is the Moore-Penrose pseudoin-
verse of J, i.e., the d x D matrix which satisfies J*J = I;. Using it allows us to write the
above partial derivatives in vector form as

o ) 4(z) (19)

[ logdet(JTJ)] q(z) [JITD) (48)

More straightforwardly, the partial derivative of £ with respect to ¢; is the score of pgata:

oL . 9logpdata(P(2))
06 =q(z) Ob; :

These results immediately imply that the EL equation for ¢; reads
oL alogpdata(¢(z))
§ 9, = > 0; | = : 51
( J¢z ) 8@' J ’ [ ﬂq(Z)} «2) 09; 51

Simplifying, we have

(50)

S0 Z yq ﬁlogpf;:;(cb(z)) 7 (52)
J

or in vector form,

[0+ Viogq(z)]" JT =s4(2)" . (53)
where we have defined the score vector s;(z) := 010g Paata(@P(2))/00;.
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B.2. Euler-Lagrange equations for one-dimensional embeddings

The one-dimensional (d = 1) form of the objective reads

gl = [ d o) | 31089/ IB + 08 pana($(:)) ~ oga(:)

—00

and the corresponding Lagrangian is

L(8.8':2) 1= () | 3108 [/()1B + Iogpaa(0() ~ low(2)|

In this setting, the EL equations have the somewhat simpler form

i<8L> oL . jz[q(z)W]zq@)alogpdataw(z))-

06;) 0o POl
Simplifying as in the previous subsection, we end up with
d [_¢i(2) ] ¢(x) ¢i(z) _ 0
_ ? + 7 - 7 10 p ata . 7
2 [Hcﬁ’(z)ll% o TG = 96, 10BPana(8()

or if we prefer to be even more explicit,

¢i(2)  205(2) 24 9k(2) | d'(2) ¢i(2) :io .
BB W a@ [6ER - s BPee@)

d¢i
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Appendix C. Optimal 1D embeddings and diffusion models

In Sec. 3, we showed that optimal 1D embeddings ¢ : R — RP satisfy a system

G =B ) = () - | oz nlo (59)
of first-order ODEs, where the p;(z) are auxiliary momentum-like variables and s;(¢(z)) :=
8%1- log Pdata(@(z)) are the components of the score vector associated with pgata at the point
¢(z) € RP. In this appendix, we argue that optimal embeddings exactly follow score vectors
in a certain limit.

Consider a prior g(z) = ye?* which is nonzero only for z € (—o0,0]. For this g,

pz(z) /
¢i(2) = pi(2) = si(@(2)) — pi(2) - (60)
' Ip(2)[l5 ' 1 Z

Note that 4 > 0 controls the ‘time scale’ on which p;(z) approaches its steady state value, at
which p;(z) = si(¢(z))/7. More precisely, Eq. 60 implies that p;(z) obeys the self-consistent

equation

z
ple) = [ s(e() e ds (61)
—00

Since the exponential decay factor becomes a delta function in the large ~ limit, i.e.,

7677@72/) aee, §(z—2), (62)
in this limit we have
1 ? / / / ]‘
pi(z) = 5 si(@(z')) 0(z — ') d2' = ;sz‘(¢(2)) : (63)
which means that the momentum vectors match the score vectors. Eq. 60 then implies
si(@(2))
o) ~ 7P (64)
Is(2)13

As we noted in Sec. 3, this implies that trajectories follow score vectors, albeit with a speed
that changes depending on their norm. If we perform a reparameterization of ‘time’ with

(2) = / VT SR S (65)

oo lIs(z)]13

then we have the equivalent dynamics

¢i(7) = si(9(7)) (66)

which exactly follows the score field.
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Appendix D. The objective is reparameterization invariant

Recall that our objective is

J[¢] = /Rd dz q(z) [; log det[J(z)TJ(z)] + 108 paata(@(2)) — logq(z)| . (67)

One of its key properties is that it is invariant to diffeomorphisms; said differently, it is
not sensitive to our choice of latent space coordinates. This property is desirable, since
one’s choice of coordinates is arbitrary, and different coordinate systems can reflect the
same underlying geometry. In this appendix, we show that this property holds via a direct
computation.

Let g : R? — R? be a diffeomorphism, and consider a change of variables z = g(2’)
from z to 2’. Note that

P(2) = d(g(2)) , (68)

s0 in the new coordinate system ¢ becomes ¢(2') := ¢(g(2’)). The Jacobian of ¢ in this
new coordinate system is

~ d ~ d
. 00 _ N~ 0910z _ N 093 Oz
Jij = 0z] N ; Oz, 02 N ; Oz, 02 ’ (69)

which means that J = JJg4, ie., that the new Jacobian equals the old one times the
Jacobian of g. Finally, the measure ¢(z)dz becomes

q(g9(2"))| det Jg|d2" (70)

so in the new coordinate system we effectively go from ¢(z) to ¢(z’) := q(g(2’))| det J4].
Putting these results together, we find that J[¢] equals

J(p] = /Rd dz' q(g(2"))| det Jg| E 10gdet[J(g(z’))TJ(g(Z'))]+10gpdata(¢(g(z’)))—logq(g(z’))]

= [ s ) | om et T )T Ta)] + Yok s B()) ~ oz ala ()]
Re ()

= / dz' §(2') Blogdet[.ﬂz’)TJ(z’)]+logpdata<<2><z’>>—logcf(z’)} ,
Rd

where two logdet |J4| terms cancelled out in the last step. Since the final line is just the
objective in the new coordinate system determined by the diffeomorphism g, J is indeed
reparameterization invariant.

Note that this property also follows straightforwardly from the fact that J equals a
(negative) KL divergence.
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Appendix E. Review and consequences of Noether’s theorem

Noether’s theorem, which we first discuss in Sec. 4 and then explore in more detail in Sec. 5,
links continuous quasi-symmetries of the objective function to conservation laws (Noether,
1918; Neuenschwander, 2017; Vastola, 2025b). In this appendix, we review its statement
and provide a derivation of embedding energy conservation.

E.1. Statement of Noether’s theorem

Let ¢ := (¢1,...,6p)" be a vector of D fields defined on R?, i.e., each field is a smooth
function from R? to R. Let

a0l = [ dz £(6.9.2) (72)
Rd
be an objective function that depends on such a vector of fields through a Lagrangian

density L£(¢,J, z), where the D x d Jacobian matrix J has components J;; = 0¢;/0z;.
We will call a field extremal if it makes J stationary, which happens if and only if it

satisfies the EL equations
d
oL
0; —. 73
>0 (5i0.09) = 5 (73)

7=1

Next, define the stress-energy tensor

:ED: 0L (9:60(2)) — 55 L(0, ., 2) (74)
k=1 3(@@) ! Y Y .

Following Neuenschwander (2017), Noether’s theorem is the following result.

Theorem 1 (Noether’s theorem) Consider a transformation from coordinates z and
fields ¢ to

2 =2z +¢€(62)(2,9)
¢ =¢+e(09)(z ¢)
where € > 0 is infinitesimally small. Note that the perturbations §z and ¢ are allowed to

depend on z and ¢. If this change of coordinates and fields changes the Lagrangian density
by a total derivative, i.e.,

(75)

L(P T, 2)=L(p, T, z) +eV-K(p,J,z) + O(?) (76)

for some function K, then we call such a transformation a (continuous) quasi-symmetry of
the objective, and conclude that the Noether current

D or d
Ja = Z 9(0atr) (6n) — cleaC((;ZC) - K, (77)

is conserved (i.e., V - j = 0) whenever ¢ satisfies the EL equations.
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For our particular Lagrangian density

L(p,J,z)=q(z) [; logdet(JTJ) + 108 pdata(@(2)) — logq(2)| , (78)
since (see Appendix B)
oL n
S = (79)
we have
= a(2) T kg — 05 L(b, T, 2) = bijla(z) — L(¢, T, 2)] (80)
k
and
D d
Ja = Z Q(Z)J;Z(&bb) - Z 5ac(q - ‘C)((Szb) - K,
b=1 c=1 (81)

I
NE

q(2) T35, (0¢%) — (a(2) = £)(0za) — Ko -

o
Il

1

E.2. Direct derivation of embedding energy conservation

We can derive embedding energy conservation through a direct computation, without going
through Noether’s theorem. We want to show that the quantity

£ = —% logdet(JTJ) — 10g pata(@(2)) + logq(z) |, (82)

which we call the embedding energy, is constant (i.e., does not depend on z) for all
solutions of the EL equations. To see this, multiply Eq. 53 on the right by J:

[0+ Viogq(z)]" J*T = s4(2)"T . (83)
Since JTJ = I, one term is easy to simplify:
[Vlegq(2)]" J*J = [Vlogg(2)]" . (84)

The derivative term is somewhat more delicate. In terms of components, we have
Z 0;(J ) T = Za T Tiw) = T50;(Jae) = =Y T50; () - (85)
j71:
But note that, since (J +)T is the derivative of the kinetic term with respect to J, we have

ak[ log det(JTJ) ] Z&] [ log det(J J} ZJ Ok(Jij) =Y T505(Jin)
,J

where in the last step we used the fact that 0y (J;5) = 8,3]-@ = kqbz = 0j(Jir). Hence, we
conclude that

V|3 loudet7T )| + Viogg(=) = 36(2)" T = Viogpua(@(z) . (560)
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or equivalently that

1
v {2 log det(J7) + 1og pana((2)) — 1ogq<z>} 0. (57)
This implies that the bracketed quantity is constant, i.e., that £ is conserved for solutions

of the EL equations.
As an aside, note that

OZJ[(b]:—/Rddzq(z)é’:—é’. (88)

This implies that we ought to minimize £, and that if J is perfectly maximized (such that
the corresponding KL divergence is minimized), £ = 0.
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Appendix F. There are no nonlinear solutions to the PCA objective

In the main text (Sec. 6), we argue that linear maps satisfy the EL equations associated
with the PCA objective, and find that the linear maps that maximize J pick out the top
eigenvectors of the data’s covariance matrix. Here, we argue that it is impossible for these
EL equations to have nonlinear solutions, and hence for J to have any nonlinear global
maximizers. This point is important, since otherwise we have not established that linear
maps are the global maximizers of the PCA objective.

For technical reasons,* we specialize to the prior with o¢ = 1 below, but this assumption
can easily be relaxed.

F.1. The one-dimensional case

The objective is

1,2

seli= [~ @S Dl I - 3o = 60 | reonst. (59)

where we are optimizing over smooth injections ¢ : R — RP. Recall from Sec. 2 that we
also insist on two finiteness conditions, which here read

E.ng {19¢/(2)ll2} <00 and  E.g{[l¢]3} <oo. (90)
Note that the second condition implies that
E.vq {¢i(2)*} < o0 (91)

for each ¢ = 1,...,D. This, in turn, implies that each ¢;(z) can be written in terms of a
(probabilist’s) Hermite polynomial expansion

bi(2) = Z cniln(2) = coi + ez + coi(22 — 1) + -+ . (92)
n=0

By the conservation of embedding energy (see Sec. 5), we have

1 / 2 1 Twe—1 Z2
_§||¢ @)z + §¢(Z) X p(2) - 5= const. (93)
which implies that
/ 1 Twe—1 22
/()12 :cexp{2¢<z> Slo(z) - 2}
-1 -1 (94)
= Cexp {W + (CgE_lcl)z + (6{2261)22 + 0(23) o 222}

for some constant C' > 0, where ¢,, denotes the vector whose i-th component is ¢,;. Unless
the higher-order coefficients are zero, this norm will grow at least as quickly as exp(z") for
some n > 2, and hence the first finiteness condition will be violated.

4. For arbitrary oo, we must consider Hermite polynomials with scaled arguments, which adds a small
amount of notational clutter. Aside from this issue, the argument would be exactly the same.
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F.2. The general case

In the general case,

ezlzld (1 1 _
J[¢p] = /Rd dz @iz {2logdet[J(z)TJ(z)] - §¢(z)T2 1¢(z)} + const. (95)

where we are optimizing over smooth injections ¢ : R — RP. The general finiteness
conditions are

E.q {\/det(J(z)TJ(z))} <oo  and  Euey {6(2)|2)} < o . (96)

As above, the second finiteness condition implies that each ¢;(z) can be written in terms of
a Hermite polynomial expansion. By the conservation of embedding energy,

212
—log \/det(J(z)TJ(z)) + %(ﬁ(z)TZ*l(ﬁ(z) _ Izl = const. (97)
which implies
2112
Va1 = Conp { Lol () - 521 (98)

for some constant C' > 0. By the same argument as before, the argument of this exponential
will grow at least as quickly as a polynomial in z, and hence not satisfy the first finiteness
condition, unless the coefficients of the higher-order Hermite expansion terms are zero. Since
only the zeroth and first order terms of the expansion are permitted, we conclude that the
global maximizers of J must be linear.
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